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Outline of a 20-minute Talk ( 18 slides )

Verification & Validation ( Ve & Va ) of FEM Solutions

COMSOL Example-1:   Wrench Max. Stress .

Metric Ve-1:   Uncertainty at one billion DOF ( 10**9 )

A  2-metric Verification of COMSOL Example-1.

COMSL Ex-2:  Fluid-Structure Interaction.

Metric Ve-2:   Rel. Error Rate at one billion DOF. 

A  2-metric Verification of COMSOL Example-2.

Concluding Remarks .
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Verification  &  Validation ( Ve & Va ) 

of an  F. E. M. Numercal Experiment

Def. of FEM Solution Verification ( Ve ):

Solution is verified if its mathematics is correct.

Def. of FEM solution Validation ( Va ):

Solution is validated if its physics is correct ( Va ).
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COMSOL Example-1:  

Wrench Max. Mises Stress
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Metric Ve-1:   Uncertainty at 

one billion DOF ( 10**9 )

What is a   Nonlinear  Least  Squares 

Logistic  Function  fit ?

Ans.
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Metric Ve-1:   Uncertainty at one billion DOF ( 10**9 )
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= 6,932,883  (d.o.f.)Max. Mises Stress =  369.71 MPa  =

Metric Ve-1:   Uncertainty at one billion DOF ( 10**9 )



Jeffrey T. Fong, NIST, Gaithersburg, MD 
20899 USA.  Tel: 1-301-975-8217                

Email: fong@nist.gov
810/19/2018

369.2 MPa, s.d. = 0.6 MPa

Residual S.D. = 1.38  ( Fit is GOOD.)

Ans.   Max. Mises Stress at 95 % confidence level  =  ( 368.0, . . . . . , 370.4 MPa )

6,932,883

369.7 MPa

Metric Ve-1:   Uncertainty at one billion DOF ( 10**9 )
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A  2-metric Verification of

COMSOL Ex-1 ( Wrench Max. Stress )
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A  2-metric Ve of the Wrench Stress Problem
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COMS0L Example-2:  A Network of Blood Vessels.
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Metric Ve-2:   

Rel. Error Convergence Rate 

at one billion DOF  ( 10**9 ). 
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Definition

of a 
Relative Error Convergence (REC) Rate

Let    X,i =  (d.o.f.), I   ,        X,i+1  =  (d.o.f.), i+1  .
Let    x,i =  Log_10 (X,i)  ,   x,i+1  =  Log_10 (X,i+1)  .

Let      (Pct. Error),i+1  = 100 * (Y,i+1   - Y,i) / Y,i .

(REC Rate),i+1  =  { (Pct. Error),i+1 } / ( x,i+1  - x,i ) .

Metric Ve-2:   Rel. Error Convergence Rate 
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Ref.:  Zienkiewicz and Taylor, 
2000, The Finite Element Method, 
Vol. 1: The Basis, 5th ed., pp. 365-370.  
Butterworth Heinemann (2000)

Metric Ve-2:   Rel. Error Convergence Rate 
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Metric Ve-2:   Rel. Error Convergence Rate 
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A  2-metric Verification of COMSOL Ex-2

COMSOL Example Mesh 

dof =  305,241
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A  2-metric Ve of a Blood Vessel System Problem
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A  2-metric Ve of a Blood Vessel System Problem
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A  2-metric Ve of a Blood Vessel System Problem

408.0 (before)
492.6 (after)

84.6 (17 % diff.)



20
10/19/201
8

2018 COMSOL Conference, Thursday October 4 Session. 10:00 – 10:20 a.m.

Jeffrey T. Fong, NIST, Gaithersburg, MD 
20899 USA.  Tel: 1-301-975-8217                

Email: fong@nist.gov

Concluding Remarks .

1. An accurate estimate of uncertainty in FEM-based solution is 

essential in verification (Ve) and validation (Va) of the solution when FEM 
analysis is considered as a “numerical experiment.”

2.      To estimate uncertainty of FEM results due to 
(1) element type and mesh density, 
(2) mesh quality (e.g., mean aspect ratio, standard error of Jacobians, 

etc.), and
(3) solution platform (FEM codes), 
a nonlinear least squares logistic fit method has been shown to yield FEM
results extrapolated to one billion degrees of freedom with a
measure of uncertainty and Relative Error Convergence Rate

that are useful as metrics for assessing the accuracy of the FEM results.
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Disclaimer 

Certain commercial equipment, instruments,

materials, or computer software are identified in

this talk in order to specify the experimental or

computational procedure adequately. Such

identification is not intended to imply

recommendation or endorsement by the National

Institute of Standards & Technology, nor is it

intended to imply that the materials, equipment, or

software identified are necessarily the best

available for the purpose.
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Speaker’s Biographical Sketch 
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1955), Columbia University (M.S., Engineering Mechanics, 1961), and Stanford (Ph.D., Applied 

Mechanics and Mathematics, 1966).  Prior to 1966, he worked as a design engineer (1955-63) on 
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and as teaching & research assistant (1963-66) on engineering mechanics at Stanford University.  
During his 40+ years at NIST, he has conducted research, provided consulting services, 

and taught numerous short courses on mathematical and computational modeling with 

uncertainty estimation for fatigue, fracture, high-temperature creep, nondestructive evaluation, 

electromagnetic behavior, and failure analysis of a broad range of materials ranging from paper, 

ceramics, glass, to polymers, composites, metals, semiconductors, and biological tissues.  

A licensed professional engineer (P.E.) in the State of New York since 1962 and a chartered 

civil engineer in the United Kingdom and British Commonwealth (A.M.I.C.E.) since 1968, he has 

authored or co-authored more than 150 technical papers, and edited or co-edited 17 national or 

international conference proceedings.  He was elected Fellow of ASTM in 1982 and Fellow of 

ASME in 1984.  In 1993, he was awarded the prestigious ASME Pressure Vessels and Piping 

Medal. Most recently, he was honored at the 2014 International Conference on Computational & 

Experimental Engineering & Sciences (ICCES) with a Lifetime Achievement Medal.  

Since 2006, he has been Adjunct Professor of Mechanical Engineering and Mechanics at 
Drexel University and taught a graduate-level 3-credit course on “Finite Element Method 

Uncertainty Analysis.” Since Jan. 2010, he has given every 6 months an on-line 3-hour short 
course at Stanford University on “Reliability and Uncertainty Estimation of FEM Models of 

Composite Structures.”  In 2012, he was appointed Adjunct Professor of Nuclear and Risk 
Engineering at the City University of Hong Kong, and Distinguished Guest Professor at the 

East China University of Science & Technology, Shanghai, China, to teach annually a 1-

credit 16-hour short course on “Engineering Reliability and Risk Analysis.”


