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Introduction 

 
Morphological cell analysis has many applications 

that range from tumorigenesis [1], apoptosis [2], cell 

division, and proliferation [3].  Therefore, accurate 

representation and characterization of biological cell 

shapes has been an area of significant interest over the 

past few decades [4].  Recent advances in scaffold 

engineering have enabled researchers to imitate the 

cell’s natural environment in vitro [5, 6, 7].  Moreover, 

advances in imaging technology and segmentation 

algorithms have facilitated the accurate reconstruction 

of a cell’s three dimensional shape [8, 9, 10]. In this 

study, we are going to study the electrical properties, 

specifically the polarizability tensors, of a database of 

3D stem cell shapes developed by the National 

Institute of Standards and Technology (NIST) [11]. 
The database has the volumetric and surface mesh of 

1253 human bone marrow stromal cells (hBMSCs) 

cultured in ten different microenvironments [12]. The 

goal of this work is to computationally quantify how 

variations in cell shape affect their electrical 

properties.  

 

Theory  

 

Stem cells are undifferentiated cell line that can 

differentiate into cell of same type or other kind 

depending on their culturing medium. Culturing the 

same hBMSCs in ten different biomaterial scaffolds, a 

group of researchers at NIST were able to obtain a 

wide range of cell shapes [13, 14]. The cells were then 

imaged using confocal laser scanning microscopy. 

After implementing an efficient segmentation 

algorithm, the cell’s 3D shape was presented in .obj 

(wavefront) format and volumetric mesh format 

(voxels) [11]. Based on the material properties of the 

biomaterial scaffolds, the cell are grouped into ten 

different cell families, each cell having a unique cell 

identifier tag [12, 13]. In this study, we 

computationally studied 50 different cell shapes, 5 

from each family, but we are only presenting the 

results from two cells for brevity [15]. Specifically, we 

used one cell from the Porous polystyrene scaffold 

(PPS) family and one cell from the Spuncoat (SC) 

family according to the identifiers in Table 1: 

 
Table 1: Cell identifier from the respective family 

incorporated in this study 

Cell Family Cell Identifier 

PPS 012314_SJF_Alvetex_1d_63x_19 

SC 082214_SJF_SC_1d_63x_02 

 

The original voxel representation of each cell image is 

converted into triangular surface mesh representation 

with five different resolutions: “down1”, “down2”, 

“down4”, “down8”, and “down16”, with “down1” 

being the finest and “down16” being the coarsest. 

Here, we only consider the “down4” representation as 

a good compromise between resolution accuracy and 

computational time. The considered cell shape listed 

in table is depicted in Figure 1.   

 

 
Figure 1. Morphological depiction of the two cell from PPS 

and SC cell families illustrating the fractal geometry of the 

shapes. The blue sphere in the left serves as a size scale of 

40 𝜇m diameter sphere. 

PPS 

SC 



The specific electrical property that we 

computationally investigate in this study is the 

electrostatic polarizability of the stem cells. 

Polarizability is defined as the ratio between the 

induced dipole moment on a particle and the incident 

uniform electric field exciting the particle, p=αE, 

where E is the incident electric field, p is the induced 

dipole moment and 𝛼 is the polarizability calculated in 

this work. The polarizability 𝛼 depends on the shape 

of the cell, its electrical properties and the electrical 

properties of its environment. For a spherical cell, 𝛼 is 

a scalar quantity, but for a general anisotropic cell 𝛼 is 

a tensor: 

𝛼 =  [

𝛼𝑥𝑥 𝛼𝑥𝑦 𝛼𝑥𝑧

𝛼𝑦𝑥 𝛼𝑦𝑦 𝛼𝑦𝑧

𝛼𝑧𝑥 𝛼𝑧𝑦 𝛼𝑧𝑧

]    (1) 

Each element of the polarizability tensor represents the 

ratio between a specific component of the excited 

dipole moment and a specific component of the 

incident field. For example, 𝛼𝑦𝑧, represents the ratio 

between the y component of the induced dipole 

moment and an incident field oriented in the z-

direction. The polarizability tensor in (1) can be 

diagonalized to yield a matrix with only nonzero 

diagonal components; P1, P2, and P3; which will be the 

focus of our work.  

 

Methods 
 

The simplified polarizability expression for a 

randomly oriented object that can be obtained is (2) 

𝛼𝑖𝑗 = (
𝜖𝑝

𝜖𝑚
− 1) ∫

𝑉
 𝒊̂. 𝑬𝒋𝑑𝑉  (2)  

where,  i is selectively varied to x, y, and z based on 

the polarizability element of interest, i is determined 

by the direction of the incident field, and V is the 

volume of the inclusion. The field direction j is 

similarly varied to obtain the nine element matrix. 𝜖𝑝 

corresponds to the relative permittivity of the particle 

and 𝜖𝑚 denotes the relative permittivity of the 

surrounding medium set to unity in this work. For a 

perfect electric conductor (i.e ϵp = ∞) the integral will 

correspond to electric polarizability (𝛼𝐸) and for a 

perfect magnetic conductor (ϵp = 0) the integral will 

represent the magnetic polarizability (𝛼𝑀) of the 

particle [16]. For an arbitrary value of ϵp, the general 

polarizability tensor can be calculated.  

 

The electric field in (2) can be obtained by the solution 

of the electrostatic Laplace equation throughout the 

computational domain using the Electrostatics physics 

interface under the AC/DC COMSOL® module [17]. 

The .obj formatted surface mesh of each cell obtained 

from the NIST database is converted into STL 

(STereoLithography) format using MeshLab [18] to 

facilitate the import operation to COMSOL®. The cell 

shape of interest is then enclosed by a bounding 

sphere, the radius of which was at least 25 times larger 

than the size of the cell imported, to replicate free 

space conditions. The entire computational domain is 

the re-meshed into small volumetric tetrahedrals. Due 

to fractal geometry of the imported cell surfaces, we 

performed a “Composite Face” formation under 

“Virtual Operation” to represent the cell as a single 

entity. The relative permittivity of the cell’s bounding 

medium was set to unity, ϵm = 1, and the imported cell 

was assigned a variable permittivity depending on the 

polarizability (electric/ magnetic) of interest. Under 

the Electrostatic physics, we used “Electric 

Displacement Field” excitation on the bounding 

sphere and assigned an arbitrary point in the domain 

as a reference ground for better convergence. To 

validate the COMSOL® results we compared them to 

those obtained using the open-source Scuff-EM 

(Surface CUrrent/Field Formulation of 

ElectroMagnetism) method which is based on the 

independent Boundary Element Method (BEM) [19].   

 

Results 

 

To illustrate the importance of meshing, we present 

Figure 2 where the electric polarizability values 

calculated using COMSOL® are depicted with respect 

to the inverse of the number of tetrahedral elements 

used. The theoretical value of the volume normalized 

polarizability of a sphere is 3 [20, 21]. As shown in 

Figure 2, as 𝑁 ⟶ ∞ (i.e 𝑁−1 approaches zero), the 

calculated value converges to the theoretical value of 

3. To optimize the computational time and resource as 

well as achieve better accuracy in our calculations, we 

performed the simulations at two different resolutions 

and used linear extrapolation to yield more accurate 

polarizability values.  

 
Figure 2. Convergence plot of COMSOL® result as the 

Number of tetrahedral elements approaches ∞ 

 



The computed Electric and Magnetic polarizability 

values obtained are listed in Table 2 and Table 3, 

respectively. All polarizability values reported in this 

study are normalized by the volume of respective cell.  

Table 2: Diagonalized Electric Polarizability comparison 

of “down4” mesh representation of the two cells1 between 

Scuff-EM and COMSOL®. 
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P1 44.450 47.9470 7.29% 

P2 4.4613 4.6767 4.61% 

P3 2.2693 2.3609 3.88% 

S
C

 

P1 10.1200 10.6230 4.74% 

P2 4.3223 4.4926 3.79% 

P3 2.0335 2.1155 3.88% 

 

The polarizability tensors are marked in a descending 

order, i.e. P1>P2>P3. The level of agreement between 

the results further solidifies the accuracy of our 

calculation and implementation of the desired physics 

in respective solver.  

 

For electric polarizability (𝛼𝐸), the extrapolation was 

obtained from two different meshing resolution. We 

have summarized the number of elements and 

respective computational time2 required for each cell 

polarizability calculation in Table 4.  

 

                                                           
1 Each family name corresponds to the cell 

morphology listed in Table 1. 
2 All computational times were measured on an Intel 

Xeon Processor E5-2687W with 20 MB Cache and 

3.10 GHz processor base frequency. The values in the 

Figure 3(a) and 3(b) highlights the successful 

implementation of Padé approximation in the 

calculation of intrinsic conductivity for both of the 

cells [22]. We performed a parametric sweep on the 

contrast of the cells to compare the intrinsic 

conductivity with the Padé approximation, each of 

which took 4 hours to complete.; whereas the Padé 

approximation required no time at all given that we 

already know the [𝜎]0 and [𝜎]∞for respective cells. 

Table 4: Diagonalized Magnetic Polarizability comparison 

of “down4” mesh representation between Scuff-EM and 

COMSOL®. 
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 M1 2.356 2.286 3.05% 

M2 1.658 1.648 0.62% 

M3 1.255 1.280 1.92% 

S
C

 M1 2.393 2.297 4.19% 

M2 1.495 1.460 2.41% 

M3 1.284 1.274 0.79% 

 

Conclusions 
 

The significance of this study lies in the level of 

agreement between different solvers in polarizability 

calculation and successful implementation of Padé 

approximation of any object of arbitrary shape. We 

believe that, the findings of the study will help 

interested group to work with any biological or non-

biological objects’ characteristics evaluation. In 

table only shows the run time of each solver. An 

additional ~ 1 hour was needed to adapt the format of 

each cell to formats that are compatible with each 

solver. 

Table 3: Parametric Comparison between COMSOL® and Scuff-EM solver 

C
el

l 
F

am
il

y
 

Meshing 

Resolution 

Number of Elements Volume 
Computational Time2 

(Minutes) 

COMSOL® 

(Tetrahedral) 

Scuff-EM 

(Face) 
COMSOL® Scuff-EM COMSOL® Scuff-EM 

P
P

S
 Normal  193727 5748 14869.69704 14877.1445 10.6 0.87 

Refined 1300369 22992 14874.71191 14877.1689 21.35 49.18 

S
C

 Normal  503895 10632 8234.823461 8235.94531 12.7 4.58 

Refined 2523392 42528 8235.632796 8235.94141 30.65 317.2 

 



future, we want to keep adding more shapes in our 

dataset and help the existing literature better 

understand the effect of shape variation in electrical 

characterization and their interpretation.  
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