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|. Model Overview

 This model is a tutorial for calculations of
differential and total cross-sections (CS),
including absorption, scattering, extinction and
radar cross-sections.

» It also illustrates the use of symmetry planes in
electromagnetic simulations.

o lllustration of COMSOL’s Scattered-field
Formulation, Perfectly Matched Layers, Swept
Meshing and Far-Field integrals.

» User-defined frequency-dependent optical
properties of metals.

« Benchmarking against the exact Mie scattering ST
theory. Sk
* Applications: Plasmonics, Nano-Photonics,
general Electromagnetic theory.
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Il. Modeling in the Graphical User Interface:
Model Navigator

Model Navigator X
g T
Multiphysics | Companent Library | User Components |
space dimension: |3D v| Mulkiphysics
E_} application Modes ”~ ( Add Rernove
B#-{2) COMSOL Multiphysics —
G#-3) ACIDC Madule E] Geoml (30}
-5 Acoustics Madule
[#-2) Chemical Engineering Module
[+ 5) Earth Science Module
[#-{5) Heat Transfer Module
G#-{5) MEMS Module
=) RF Module
(= \I Electromagnetic Waves
Harmanic propagation
Elgenfreqseni ganalysﬁ Dependent variables: kscEx tscEy tscE. ..
------ Fransient analysis [ Application Mode Properties. .. ]
------ Scatkered harmonic propagation
o T — add G Cry...
£ Ia Boundary T — [ EOMELY ]
F£H7) Electro-Thermal Interaction 3 [ add Frame. .. ]
Dependent variables:  |scEx2 scEy? scEz2 psiz | Ruling application made:
Application mode name: |rFu2 | |Electrumagnetic Wiaves (rhu) i |
Elernent: |'u'eu:t|:|r - Quadratic W | [ Mulkiphy sics ]
Ik Cancel Help
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lll. Options and settings: Constants

In Options, open Constants menu, and define constant-valued expressions as
shown below. Take advantage of COMSOL’s automatic unit conversion when
entering radius in nanometers:

&' Constants

Marne Expression Walue Descripkion
lambdan 1 [um] (1e-63[m] W acuum wavelength ”
EQ 1 [V/m] 1[im] amplitude of incident E-Field
F._parkicle 100 [nm] (1e-7i[m] Radius of the particle
SiQma_geornm pi*R_particle™2 (3,1415935-14:[.-“2] Geamektic cross-seckion

b’

£ | >

'] r r
= & (a4 ] [ Cancel ] [ Apply [ Help

Jﬂ
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Options and settings: Application Mode
Properties

Make sure you are solving for Scattered electric field,
and that Free space wavelength is the input parameter:

Application Mode Properties

Properties

Defaulk element type: |'u'eu:t-:|r - Quadratic w |

Analysis type:

Saolve for:

Specify wave using:

Specify eigenvalues using: | Eigenfrequency

Divergence condition: |CIFF W |

Weak constraints: | CfF w |

Constraink type: | Ideal w |
[ Ik ] [ Cancel ] [ Help ]

B COMSOL
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Options and settings: Application Scalar Variables

» Use lambda0 for the Free space wavelength.

 Define the incident electric field as EO*exp(-j*k0_rfw*z). This creates
a linearly x-polarized plane wave propagating in the positive z
direction.

Application Scalar Yariables

Marmne Expression Lnik Descripkion
epsilon0_rfw  |3,894157317e-12 Flm Permiktivity of wacuum
rra0_r i dhpitler Him  |Permeability of vacuum
Iaml:udaD_er/ﬁl:udaD m Free space wavelength
EQix_rfi \ E0*expl-i*k0_rfu*z) im Incident electric field, »x component
Eiy_rfi Tr~—_— [m Incident electric field, v component
EQiz_rfi n W m Incident electric field, z component
psil_rfi psi0_guess_thw '.,.'||'|-|-|2 auge fixing wariable scaling

Synchronize equivalent variables

K H Zancel H Apply H Help
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Options and settings: Materials Library

Materials/Coefficients Library

rMaterials Material properties

Model (1) ~ Marne: |Gold

Material Library (2542)

Biasic Makerial Properties (31)

Liquids and Gases {39}
MEMS Material Properties (33)
Heat Transfer Coefficients {3)

| Elastic || Electric || Fluid || Piezoelectric || Thertgal |H|
N

Quantity  Walue/Expression
epsilanr

Description

icEpsRealirnu_rfw)-i*icEpsImaginu_rfw) |Relative permitkivity -

Electric {AC/DC) Material Properties sigma n

Electric conduckivity

Pigzoelectric Material Properties {23)
User Defined Materials (1)
= 5ald {Johnson and Chrisky) (13

 Open Options>Materials/Coefficients
3 Library
—_— + Click Add Library...
T  Browse to the file gold_lib.xml, click OK
[ Qagdtboy.. J ] « Check “Hide undefined properties”, go to
search All tab, verify that Relative permittivity is
o o defined for this material.
Search ] ed properties
Ok, H Cancel ][ Apply H Help ]

© 2009 COMSOL Inc. All rights reserved.
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V. Geometry modeling

» Create four spheres centered at the origin (x=0,y=0,z=0), with radii
le-7, 2e-7, 2.5e-7, and 3e-7. All dimensions must be given in
meters (base unit of length in SI system). These four spheres will
represent, respectively:

1. the metallic object (“scatterer”) of radius 100 nm = 1e-7 m,
auxiliary closed surface for additional postprocessing,

2.
3. air/PML boundary, and
4.

exterior PML boundary.

Bis direction weckaor

Radius: [1e-7] )

| (%) Cartesian coordinates

Shyle Bxis base poink Rotation angle

(%) Salid xi |0 L a0 | (degrees)
yi [0 |

() Face 2 b |

() Spherical coordinates

Mame: |SPH1

0

x
W |III
z:

Il

‘ [ QK ]D Cancel H Apply H Help
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Geometry modeling: create symmetry planes

* In Work-Plane Settings: create an x-y plane at z=0. Click OK.

Work-Plane Settings

Quick | Face Parallel || Edge Angle || Yertices || .ﬁ.dvanced|

O

@bc}-‘ = I:l Cancel
Apply

Ozx v ] Help

Preview. ..

ﬁ
Jaa0

Workplane (20 geometry ) |Geu:um2 V| [ Add ]

B COMSOL
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Symmetry planes, cont’'d

* Inthe 2D geometry tab that appeared, create a square of size
le-6, centered at the origin:

Size Rotation angle
~|1.IIIE-E-- a: I:l{degrees}
Pasition

Bas Cenker | Shyle: |S|:|Ii|:| V|
i 0 Marne: [S501 |
yi [0 |

( (04 ? Cancel ] [ apply ] [ Help ]

B COMSOL
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Symmetry planes, cont’'d

* Make sure the square object is selected. Click Embed from the Draw
menu. This transfers the flat square object into the 3D geometry tab. This
creates a symmetry plane at z=0.

 Open Work-Plane Settings again and create a y-z plane at x=0. This
takes you to the 2D geometry tab. Embed the square back into 3D again.
This creates a symmetry plane at x=0.

« Open Work-Plane Settings again and create a z-x plane at y=0. This
takes you to the 2D geometry tab. Embed the square back into 3D again.
This creates a symmetry plane at y=0.

* In 3D geometry tab, select all objects including the symmetry planes, and
click Coerce to...Solid from the Draw menu. This converts the flat square
objects into interior boundaries inside the spheres, thus splitting them into
sectors. These steps will enable us to utilize the symmetry of the problem,
and also to use the swept meshing technique.

B COMSOL
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V. Physics settings

* Subdomain settings
 Boundary settings

» Global expressions
* Integration variables
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Subdomain Settings: Taking advantage of the
symmetry planes

 Select subdomains 1-24, deselect the checkbox “Active in this domain”.

« This disables equations on three quarters of the simulation domain,
allowing you to use x=0 and y=0 symmetry planes later on.

* Note that z=0 is not a valid symmetry plane for Mie scattering: wave
propagation direction (k=kz) breaks down that geometric symmetry.

Subdomain Settings - Electromagnetic Waves (rfw)

Equation

¥ ox I{ur'l'? = E) - kUZI{Er - jl:r,l'UJEu]lE =0, = n?

Physics | PML | Init | Element |

Group: |PML_disa...

[]5elect by group

[] Active in this gomain

Element settings

shape |

| shape Functions

gporder |

| Tnkeqgration order

cporder |

| Constraint order

For your convenience, subdomains are assigned
group names (air, PML, scatterer, etc.) in this model
file; naming groups is not necessary for calculations.

[ oK, H Canicel H Apply H Help l H COMSOL

© 2009 COMSOL Inc. All rights reserved.
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Subdomain Settings: PMLs

e Select subdomains 25,32, activate PML of Spherical type on them.

Subdomain Settings - Electromagnetic Wawves (rfw)

Equakion
v x{u'lv XE:I-knzl:E -jofwz JE=10, £ =n°
¥ r 0 P
Subdomains | Groups F‘hyin:s PML | 1§it | Element | Color |
Subdomain seleckion
Type of PML: ‘ spherical J
Yalue,/Expression Unit Description
Absorbing in r direction ||:|r_guess_rfw | il Width in ¢ direction
ez |REI_guess_er | il Inner radius
S Yy Fp o |o |o | m Center point
[] 5elect by group
Active in this damain
[ K ] [ Zancel ] [ Apply ] [ Help

B COMSOL
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Subdomain Settings: metal domains

 Select subdomains 28,29, click “Load...”, load Gold material and
apply to these subdomains.

Subdomain Settings - Electromagnetic Wawves (rfw)

Equation

Subdomains | Groups |

Subdomain selection

[] Select by group
Active in this domain

Vox (ur'l'? # E) - knzliar- ju:r,l'mED]lE =0, = ne

Phrysics |M||H|| Element | “olor |

Material properties

Library mat@l Load...

Quantity Yalue/Expression

Unit Description

(3 Specify material properties in terms of refractive index

no |

| Refractive index

® Specify material properties in kerms of o Mo and o

g |jcEpsREaI(nu_rfw[s]}—j*chpsImag{nu_rfwl Relative permittivity

a D

| Sfm  Electric conductivity

Hooo |t

| Felative permeability

Ik H Cancel H apply H Help

© 2009 COMSOL Inc. All rights reserved.
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Boundary Settings: symmetry planes

Boundary Settings - Electromagnetic Waves (rfw)

Equation
nxE=0

Boundaries Iml_

Boundary selection

Select by group

[ Interior boundaries

Conditions | Material Properties ||ﬁ|| Far-Field | Color |

Bioundary sources and constrainks

e —
Boundary conditipf®™ | perfect electric conductor w

Boundary Settings - Electromagnetic Waves (rfw)

Equation

n=H=0

Boundaries Iml_

Eoundary selection

Select by group

[] Interiar boundaries

Conditions | raterial Properties ||ﬁ|| Far-Field | Color |

Boundary sources and constrainks

Boundary congfon: |PerFect magnetic conduckar ~

« Select boundaries 53, 56, 59, 62, 65, 68, 71, 74,
and apply Boundary condition: Perfect electric
conductor. These boundaries are perpendicular to
the electric field.

« Select boundaries 54, 57, 60, 63, 66, 69, 72, 75,
apply Boundary condition: Perfect magnetic
conductor. These boundaries are orthogonal to the
magnetic field.

B COMSOL

[ Ok ][ Cancel ][ Apply ][ Help ]
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Boundary Settings: exterior boundaries

« Select boundaries 55,77, apply Scattering Boundary condition, Wave type:
Spherical wave.

Boundary Settings - Electromagnetic Waves (rfw)

Equation

n (¥ xscE) - (jk+ 1/rm = (8cE xn)=0

Boundaries | Groups Conditions |Material Properties ||ﬁ|| Far-Field | Color |

Boundary selection Boundary saurces and constrainks

53 (PEC) ) Boundary conditian: |Scattering boundary condition |+ |
54 (FMC)

Wave type: Spherical wave v

r |D |D |D | m Source poink

56 (PEC)
57 (PMC)

59 (PEC)
&0 (PMC)

62 (PEC)
63 (PMC)

65 (PEC)
66 (PMC)
&8 (PEC) v

< | >

Group: | outerPML w

Select by group

[] Interior boundaries

[ oK ][ Cancel ][ Apply ]’ Help

B COMSOL
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Boundary Settings: Far-Field variables

» Select boundaries 61,73, select “Interior boundaries”, go to Far-Field tab,
type “Efar” in the Name column. Check x=0 and y=0 boxes below.

Boundary Settings - Electromagnetic Waves (rfw)

Equation
n X(Hl—H2)=D,n ><(E1—E2)=l]
Boundaries | Groups| | Conditions || Material Properties ||ﬁ| Far-Field | Color |

Boundary selection

59 (PEC)
B0 (PMC)

53

61 (Efar)
62 (PEC)
63 (PMC)
64 {conkinuity)
65 (PEC)
66 (PMC)
67 (conkinuity)
&5 (PEC)
69 (PMC)
70 {conkinuity)
71 (PEC)
72 (PMC)

74 (PEC) v
< | >

Select by aroup

Inkerior boundaries

Far-field settings

Tame Field tMormal derivative

Far nxEx_rfw nxEy. .. |roocurlEx_rfw noccurlEy_rfu moccurlEz_rfw

Symmetry planes:

[7] %=0 | Symmetric H fizld (FEC) + |

y=0 | Symmetric E fisld (FMC) + |

[J==0

Far each name above, COMS0OL Multiphysics generates thres
variables for the vector components of the Far electric

field. For Cartesian destination geometries the variables

are generally called 'namex’, 'namey’, and 'namez’,

and For axisymmetric geometries 'namet’, ‘namephi',

and ‘namez’,

Ok H Cancel ” Apply ” Help

© 2009 COMSOL Inc. All rights reserved.
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In options, open Expressions, Global Expressions, and fill out the following table:

¥ Global Expressions

[

Marne Expression Unit | Description =
ofact iF{n*x+ry*y+nz¥e==0,1,-1) Si;;n Factor For outward normals on interior boundaries
an: nx*ofack 1 Cubward normal on interior boundaries, x-companent
oy ny*ofack 1 Cutward normal on interior boundaries, y-component
onz nz*ofack 1 Cubward normal on interior boundaries, z-compaonent
PO 0.5*E0~2*c0_rfw*epsilon0_rfuw '\-'-.-',l'mz Incident Flusx
scPoxay 0,5%reallscEy*onj(scHz)-scEz*conjscHy 1 wlfmz Scatkered flux, x-component
scPovay 0.5%real{scEz*conjiscHx)-scEx*conjiscHz)) wiim? [Scattered flux, y-component
scPozay 0.5%real{ scEx*conj{scHy -scEy*conjlscHx)) W,l'mz Scattered Flux, z-component
nscPoay onx*scPoxav+ony¥*scPoyav+onz¥scPozay '\-'-.-',l'mz Scattered normal Flux
nPoay onx*Poxay_rftony*Poyay_rfw4onz¥Pozay _rfw wlfmz Tokal normal flux on inkerior boundaries
r skl 24y 2422 m Radius-veckor
dsigma_near nscPoayPO*™2 me  |Differential scatkering cross-seckion, near-field definition
dsigma_Far (normEFar~2{r/1[m]}~2) abs{EQ)~2¥r~2 me  |Differential scatbering cross-section, Far-field definition
sigma_gxt_near sigma_near+sigma_abs I Tokal extinckion cross-section, near-field calculation
sigma_scat_OT sigma_exk_OT-sigma_abs [ Total scatkering cross-section, Optical Theorem calculation

[ K ] [ Zancel J [ Apply J [ Help

s,

You should also Export Variables To File, so that you can load these
definitions in your next model of radiation scattering.

© 2009 COMSOL Inc. All rights reserved.
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Subdomain Integration Variables

On subdomains 28,29 define the following integration variable:

Subdomain Integration Variables

Source |M|
Subdomain selection ; ) —
_ Marme Expression Integration order Global destination
| - sigma_abs $*Qav_rfw PO Z ”
24
25
26
27
30
31 B
32 v
[] Select by group 7
[ K ] [ Cancel ] [ Apply ] [ Help

B COMSOL

© 2009 COMSOL Inc. All rights reserved.



cComMsoL T
MULTIPHYSICS® @

Boundary Integration Variables

On boundaries 61,73 define the following integration variables:

Boundary Integration Variables E|

Source |M|

Boundary selection Mame Expression Inteqration arder Global deski
_ﬁ sigma_near 4*nscPoay PO 4 [v] |~

52 sigma_Far 4*normEFar~2/EQ2 4 B

63 sigma_abs_Flux -+¥nPoay PO 4

64

€5

66 . . .

67 sigma_near: Total scattering CS from near fields
- E sigma_far: Total scattering CS from far fields

iy 3 sigma_abs_flux: Absorption CS from energy conservation
[v] Select by graup - | | | | ) |

[ Ik l [ Cancel ] [ apply ] [ Help ]

Note: variable sigma_far involves surface integration of a far-field variable,

normEfar, which itself requires taking a surface integral every time it is evaluated.
Calculating the total scattering cross-section in this way is extremely inefficient;

see the next slide for a more efficient technique. B COMSOL
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Point Integration Variables

On point 16, define the following variables:

Point Integration ¥ariables

Source | Diestination |

Poink seleckion

E
10
11
1z
13
14
15

17
15

[ >

s

b

Marne

sigma_exk_OT

Expression Glabal destination
-+¥pifk0_rFw*imag{EFarx:*1[m])/ED

(>

F_Forveard

Efarx*1[m]/ED

sigma_Forward

sigma_far|

[] select by graup

REEREHREREREIRE

W

[ K ][ Zancel H Apply H Help

]

* The variable sigma_ext_OT represents the total extinction cross-section,
calculated through the imaginary part of forward-scattering CS using the Optical Theorem (OT).
* Note: Far-Field variables such as Efarx are measured in units V/m*m=V
and they actually represent the scattering amplitude rather than physical electric field.

© 2009 COMSOL Inc. All rights reserved.
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Point Integration Variables, cont’d

On point 10, define the variable sigma_back for back-scattering cross-section,
l.e. differential scattering cross-section in the direction opposite to wave
incidence.

Note: the standard Radar Cross Section is related to this variable as follows:
RCS=(4*pi)*sigma_back.

Point Integration Variables

Source | Destination |

Point selection ) —
Mame Expression Global destination

&
7
3
£
11
12
13
14
15

(>

sigma_ext_OT
f_Forward

sigma_Forward
sigma_back, sigma_Far|

(>

REEREEFEEEEEE

[] 5elect by group

._.
]
-
|
1
w
5]
[m]
L
=
L=
=
=z

] [ Help

B COMSOL
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VI. Mesh generation

* To facilitate mesh visualization, suppress subdomains 1-24 (use

menu Options, Suppress). Equations on these subdomains are not
active, and meshing them is unnecessary.

Suppress Subdomains

Subdomain selection:

2 |_ Select Current Suppression J

[ Invert Suppression ]

[ Suppress None ]

25 =

27 b

( oK J) Cancel ][ Apply ][ Help

B COMSOL
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Mesh generation, cont’'d

 In Free Mesh Parameters, constrain mesh element size to 0.2e-6/5.

Free Mesh Parameters

Global | Subdomain | Boundary | Edge | Point | Advanced | Ok

() Predefined mesh sizes: Morrmal Cancel

—{®) Custom mesh size

Appl
— pely
Maximum element size: 0.2e-6/5

Help
Maximum element size scaling Fackor: |1

]

Element growth rate: 1.5 |
Mesh curvature Factor: 0.6 |
Mesh curvatiure cukoff: 0.03 |
Resolution of narrow regions: 0.5 |

Optimize quality

Refinement method;

Reset ko Defaults ] [ Remesh ] [ Mesh Selected

B COMSOL
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Mesh generation, cont’'d

« On Subdomain tab, select subdomains 26-31. Click Mesh Selected.

Free Mesh Parameters

Global | Subdomain | Bioundary || Edge || Paint || .ﬁ.u:l'-.fanced| Ok

Subdamain seleckion Subdomain mesh parameters Cancel

[ >

Maimnumn element size: | |

Apply
Elerment growth rate: | |

dlulcld]

Help

32 v

[] Select by graup

[ Select Remaining ]

[ Select Meshed ]

—

[ Feset ta Defaultks ] [ Remesh Mesh Selected )

B COMSOL
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Mesh generation, PMLs

* In Swept Mesh parameters, select subdomains 25,32, and
manually specify 5 element layers. Click Mesh Selected.

Swept Mesh Parameters

Predefined mesh sizes: |Nu:urma| W |

Subdaomain selection Element Layers | Sweep Direction | Advanced |

N
—< — [v] ManuaNspecification of element layers

—@® Nﬁ of element layers | [ Help ]

\\L

20

21

22

23

3;— _Distribl.ltil:ll'l

¢, Elernent ratio;
27
25

20

30

31

Distribution method: |Linear

[ ] Reverse direction

[ ] Symmetric

I -

[ Select Remaining

— (3 Element layer distribution

e

[ Select Meshed ]

L ——

[ Reset to Defaults ] [ Remesh Mesh Selected |

B COMSOL
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VII. Computing the solution: Solver settings

Solver, Parameters

Analysis types General | parametric || Stationary || Adaptive || OptimizationSensitivity || F\dvanced|

Electromagnetic Waves (rfw) Paramaters
Harmonic propagation w e —
EE | Parameter ngpe: |lambdai TN |
\
Parameter vWues: |range(2.De-?‘,1.De-8J1.De-6) / | “
6)_ =
arameter Walues From File.. . ]
Auto select solver
Salver: Linear system solver

Stationary i Linear system snlv&‘ Direck (SPOOLESEZ e
Time dependent
</ Igenfrequ

\ﬁ aregated

Parametric seqregated

Settings...
Timme dependent segreqgated

v Matrix symrmetry: Aukomnatic b |

[] Adaptive mesh refinement

[] ©ptimization/Sensitivity

[] Plot while solving

Adjust Solver Param_eters as shown.
Click OK and then click Solve (= button)

[5]4 Cancel [ Apply H Help

B COMSOL
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VIII. Postprocessing and visualization

* Modify the default Slice Plot to show three specific cross-sections
on the simulation domain:

Plot Parameters |'X| lambda0{81)=1e6 _Slice: Srattered electric field, » companent [v/m] Max: 2,573
— ] 3
| principal ~StrEmmige | Partidle Tracing | Max/Min | Deform | Animate | a8 a8
| Gener(l slice | bosurface || Subdomain || Boundary || Edge || Arrow |
[w] Slice plat
2
Slice data
e —
Predefined qu@ttered electric Field,xcompo@v” Range... ]
Expression: |seEx | [#] smooth o - e
x le-,
Uniit: |'\-',|'m v| []Recover
Slice: positioning
Mumber of lesels oordinates 1
wlevels: O [ | ® [1e-9 |
ylevels: O 1| ® [1e-9 |
1 H0.5
zlevelst O 1| ® [1es S |
Coloring and Fill

Coloring: Interpolated A Fill style: Fill=d w

Slice: color
(%) Color table: []Reverse Color legend

() Uniform color: Color... .

[o''s ][ Cancel ]|_ apply _|[ Help

B COMSOL
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Evaluating and plotting cross-sections

Predefined guantities Quantities to plak ¢ C reate a G IO bal Varlab I eS
Sign Factor For outward norm. # sigrna_abs -~ P | Ot Wlth th e fOI IOWI ng

Cubward normal oninterior b sigma_abs_Flux

Outward normal on interior b sigma_ext_near EXPress lons:
[ >> |
[ << ]

Cubward normal oninterior b sigma_gx .

Incident Flux F sigma:neta;OT . S I g m a_abS

Scattered Flux, x-component o sigma_scat_oT .

i) S| e sigma_abs_flux
Expression: L e sigma_ext near
|sigma_su:at_0T | | - | . - —

Solukions to use %-axis data ¢ S I g m a_eXt_OT

® Auo e sigma_near

{:} Expression. ..

|2[5

e sigma_scat OT

[ Line Settings... ]

[ Title iz, .. ]
b [ ]keep current plat
1] Edit...
Solukion at angle {phase):
o | degress

[ K H Cancel H Apply H Help

B COMSOL
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» This creates a plot of three distinct cross-sections calculated by
two different methods each. Cross-sections are measured in m”"2.

% Figure 1 - COMSOL
HEns@® 2R |5 &

=103

- = T Ahsorption CS

L3+ sigma_abs_Flux

—+ — sigma_ext_near } Eth nCtIOn CS

—ir - sigma_ext_OT

—¥#— sigma_near } SCatterlng CS
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Note: Extinction CS=
Absorption CS + Scattering CS
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Radar Cross-Section

Plot 4*pi*sigma_back in the Global Variables Plot to obtain the
standard RCS (in m”2 units):
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